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ABSTRACT

In this paper a new construction of the Bergman-Whittaker operator

is presented. Another operator, which transforms functions of two

complex variables into harmonic functions in three variables is intro-

duced along with its inverse operator. A theorem connecting the sing-

ularities of analytic functions with those of harmonic functions is

given with an illustration. These methods are extended to a class of

singular hyperbolic equations.



I. Introduction

Harmonic functions in three-variables may be generated by means

of the Bergman-Whittaker integral operator, B3 t , which maps analytic

functions of three variables H(X). CIJL )3

t] -(K°  L, X a {(K, X%.., 4,)-- , (,

where Z is a closed differentiable arc in the ' - plane, and E > 0

is sufficiently small.

Certain classes of harmonic functions in three-variables may

be generated, however, by an operator which maps functions of a single

complex variable. For instance the Bergman-Sommerfiled operator[4 ,

(2)

where a is either an open or closed curve in the ' -plane) and the

UV -Sare real functions of 1 , etc..

It is of interest, in the study of analytic properties of

harmonic functions in three variables to have different operators

available. The reason for this is that by using different operators
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we are frequently able to transplant some other properties of analytic

functions for certain classes of harmonic functions. In this paper

we shall introduce several new operators for harmonic functions in

three variables and study some of their properties.

II. A New Derivation of the Whittaker-Bergman Operator

In previous works 1 the Whittaker-Bergman operator

B has been obtained by various methods. We shall present here a

somewhat different approach by first introducing the kernel,

*

.(2.1)

which converges for e, 1i('~< + , O No* if

we define the analytic function of two complex variables, (, 1 ,

and the harmonic function of three variables, V (Vr, a , as follows,

: ( ' Z , a',,, S j, IS/< 6 -) i-s l1I('5

-so -(2.2)

and

(2.3)

The are associated legendre functions.
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Then, one has formally, that

(2.4)

Recalling the generating function for the spherical harmonics

.5 (.- 40 +x3+ I+

4 AV
o f (2 .5 )

(vhere X'e S' A \qt 'X.-' e, ; @ )

we see that, providing , one has

s f ) -- (2.6)

Consequently, If we choose I t-I ( , then by the Cauchy formula ve

have

Thistheiti -no a ig a(2.7)

This is the Whittaker-Bergma operat~r defining a harmonic function inth
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small of the origin.

III. An Operator which Generates harmonic Functions - -vng Certain Symmetry
Properties

As in the last section we shall introduce a kernel by which one

may generage harmonic functions as integral transforms of analytic functions

in two variables. For instance, let

qWO .UO (i 1 (3.1)

then if j(S,%) is defined in the bi-cylinder 1i -

as

T C"".(3.2)

one has by the Cauchy formula for several variables, that

c. a, e ,(3*3)

has the integral representation,

Isl e e) e, 4 4)



In order to sum K, (s cm% consider the gener-

ating function for the Legendre polynomials,

00

(3 5)

and differentiate m-times with respect to ' ; we obtaint 3

(3.6)

since 1,1 &) IPA u, u

Now, if we multiply both sides by , and su from o to e0

over m, (replacing 'r by r/S ), one has*

VA _ _ _

* We may rearrange orders of sumtion since the series is absolutely

convergent.
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Consequently,

CCi %.IIIs +

- (3.8)

1o,-idng 4 which for IS" mI.S ,-

is satisfied for | - I (/3 . We may then continue analytically for

values of r , such that 'v- > . Consequently, the representation

(3.4) may be expressed as

-u.&I v. 40)

Isis, ISAX I rl

in a sufficiently small neighborhood of the origin; in Cartesian coordinates

(3.9) has the formSa
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+ + (x,., f +. FCX Z
I1T \= I I s ( ( (3.10)

It is possible to find an integral representation for (3.3),

however, in terms of Just a single Cauchy integral. We return to (3.6),

multiply by (L/), replace 'r by" , and then perform a contour inte-

gration over I 

KL rY + Ls +,r) 7 (3.11)

K~t

This suggests that we consider the function of two complex-variables

i: 0 'M ,0 where

' .. j) (3.12)



-8-

One then has formally, that

• xX.,6, ", I (3.13)

vhere ? is defined by (3.12). We shall refer to the integral repre-

sentation (3.13) as the operator, 'FI and to P(W

as the S - associate of Mx), X' (>1,'(3)

One interesting application of the integral operator method

is that one may transplant certain properties of analytic functions into

properties concerning solutions of partial differential equations. This

has been done in the case of the operator, *LT , by Bergman

Kreyszig , Gilbert , and White . We state here a theorem

concerning the singularities of the harmnic function - element, which is

defined In the small of the origin by (3.13); the proof is similar in struc-

ture to an earlier one by the author

Theorem I:

k I k tE be the singularity

walfold of ; (% Ig) , then the harmonic function-element defined by

(3.1)
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if 4 % g #0 X ,+then the only sig-.

ularities of the integrand occur for S=(x --. From an earlier result

of the author it follows that singularites of H ) may occur for

ilkf 3 1 Io (which means WuO

singularities MU also occur for

Illustration: Let (, - , then if

we may express the singularity manifold of F (S, ) , as,

LP M ; %) v S ( I . I.L + [ +11U (3.15)

Eliminating S between M ( 5-)z 0 and --J? , yields

(3.16)

The possible singularities of H (Z) , then must lie on

MNI A U , + , o The restriction of to

(real three-space) is F X 1= -%. ,o ;$ . arbitrary real.
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IV. An Inverse 2pertor for 1 .

In order to construct an integral transform, which maps the

harmonic function,
00

back onto its - associate,

we first introduce the kernel,

"A=O".O )[,m lr [ (4.1)

From the orthogonality property of the associated legendre functions,

.. -, (4.2)



one has formally, that

- I (4.3)

We now investigate the series expression for I, , I

and proceed to do this in a purely formal manner. We first split ( - , 1-

into two parts,

,0

vt)

" - I (-'" -n +

It 0- ''

,here 13C,( )- r'( t) Pt' so I , t f+- - ' At'L when P'O 0, O

We consider the Bum,

+ __. . +55rej? z



since one has

In order to formally sum (4.5) we consider the formula

(4 .7)

which may be obtained by differentiating,

I- 4 Ii x 3(k8

with respect to T , m-times. By summing (4.7) with respect to m

from o to and interchanging orders of summation we have

s '+'+ E E 0-; *' ' P: vowr
",I' o n M"K

(xn

2.



By means of the Legen±e Otpl:ation formula we may reduce the coefficients

on the right-hand side o (4..9) as follows,

2 3/.) (4.10)

Consequently, whenever (n ,Twe have

(sm

+et 6 3- -e-V r/

Consequently,

_ . _, p= , S1-1 4 .1.2)
~' (~ L v I?(~) ~ - __



and

(4.13)

where L '(tiT ~ ME ,AV Uz + U
IL ) I

If werewrite si
r I

then the inverse operator has, the representation,

-1

F(U 1)3
+1 (4.14)

~Y Iru

However, it is possible 4 o evaluate I by means of the elementary

integrals, which we li.st below



7 ol , -T . /-. r T61-.j -

-T '3 T + :F1 4-t

(4.15)

4t + _____ x c3-6L 31.
T!VL TVLc- 6cIL) T/

,where T. • ,a "-C and

using (4.i5) we cobtarn At

T~ LA'

+~~ lL'65)~

= ' t t~ (aC - 6"- nsY.Iz) (4.16)

-to



anaL~~ uonseq.y (,T 1 Tax bee~e edV~m of (4.16) as

V. A Partial Differentijal In,._. An Thee ratle which Is Related to the

G.A.S.P.T. Eqation

We may make a natIzal exlen*icn of the operators introduced in the

previous setioz:,. "A7 we -ngr .. he gneerat-.-z function for the ultra-spherical

harmonics (Gengenba ,er pclyncais ),2A
- C It r (5.1)

We differentiate thl expres -io , ,,., respe t, to p , m-timesp and

make use cf thle ideri 'Cty

A (." (5.2)

one obtains

T', .) (' r" +T'%" C ha M

(5.3)



Suii ,vex T. f-~ n, and inver-;.r te rie C:,' SIZat On

the right-hw e 

TY 0TQ~N )4

(5.4.)

We shall nc' r- 4that fe !xnoc -I

(5.5)

* satisfy the pwrtial iiffereriti*-al equatiom,

Bt~ r (5.6)



wvhere L '1Y 1U~eta.operatcr

of GeneeQaz. ALa4 .11. ~ T hec-d( 7~

First ve n o~ze, V'*r.. ,d , C eatisfies

a + 4( -Y

Tten, sin~e w. -w e realize that, the

athe cls of f uncCr) t'-n -
(Dm(AY LI. -: t fy t te parta2. iifferentia.1 equation

When we trp&nsfr to Caxrtet-Izoodi th9ic te-omes (5.6).

*tThe concep* f~c cn~. frt~1 pctential theory was first introduced

by A. Weinstein,



*~* .~ ~ ~ a, f~gral n -:ra tor F3

on-to ri , ', ' .....

LA')4y~0) V-VO)= L + 4

by aa± (4. o)

and writln-9

I=E

The soluton.'; t are , -if..ed in the smal of the origin; however,

they zry be €ontin'±:: byh .-. :m th:C: ,tun',.,s of interation in the usual

manner U
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We make a few concluding remarks about the process of inverting the

double summations over m and n , which were used in this and the preceed-

ing sections to find a closed form for the generating kernels. We recall.

first, that the generating function series expansion for the C C

are valid for all complex Y- such that ~r 4- Nn, &

( ; wv X, y n ) 1 r A I 0 1 r1 4 . ) The double series in (5.3)

may be considered for each fixed as representing an analytic function

of the two complex variables t which converges uniformly and abso-

lutely in a suitably small bi-cylindrical neighborhood of the origin in com-

plex 'r t space. Since we have absolute convergence in this bi-cylinder

for a double power series, we may interchange orders of summation there$ and

either sunmmation yields the same analytic function of two complex variables
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